We review on the viability of F (R)-gravity. We show that recent cosmic acceleration, radiation/matter-dominated epoch and inflation could be realized in the framework of F (R)-gravity in the unified way. For some classes of F (R)-gravity, the correction to the Newton law is extremely small and there is no so-called matter instability (the very heavy positive mass for additional scalar degree of freedom is generated). The reconstruction program in modified gravity is also reviewed and it is demonstrated that any time-evolution of the universe expansion could be realized in F (R)-gravity. Special attention is paid to modified gravity which unifies inflation with cosmic acceleration and passes local tests. It turns out that such a theory may describe also dark matter.
Introduction
Recent astrophysical observations indicate that the accelerating expansion of the universe has started about five billion years ago and the present universe is flat. This implies the existence of dark energy, that is, unknown component in the universe.
Usually the evolution of the universe can be described by the FRW equation:
Here the spatial part of the universe is assumed to be flat. We denote the Hubble rate by H, which is defined in terms of the scale factor a by
In (1), ρ expresses the energy density of the usual matter, dark matter, and dark energy. The dark energy could be cosmological constant and/or a matter with 'equation of state (EoS)' parameter w, which is less than −1/3 and is defined by w ≡ p ρ < −1/3 .
Instead of including unknown exotic matter or energy, one may consider the modification of gravity, which corresponds to the change of the l.h.s. in (1) .
An example of such modified gravity pretending to describe dark energy could be the scalar-EinsteinGauss-Bonnet gravity [1] , whose action is given by
Here G is Gauss-Bonnet invariant:
Another example is so-called F (R)-gravity (for a review, see [2] ). In F (R)-gravity models, the scalar curvature R in the Einstein-Hilbert action
is replaced by a proper function of the scalar curvature:
Recently, an interesting realistic theory has been proposed in [3] , where F (R) is given by
In this model, R is large even in the present universe, and f HS (R) could be expanded by the inverse power series of R:
Then there appears an effective cosmological constant Λ eff as Λ eff = m 2 c 1 /c 2 , which generates the accelerating expansion in the present universe
In the HS-model (8) , there occurs a flat spacetime solution, where R = 0, since the following condition is satisfied: lim
R→0
f HS (R) = 0 .
An interesting point in the HS model is that several cosmological conditions could be satisfied.
In the next section, we review on the general properties of F (R)-gravity. After some versions of F (R)-gravity were proposed as a model of the dark energy, there appeared several criticisms/viability criteria, which we review in Section 3. It is shown how the critique of modified gravity may be removed for realistic models. In Section 4, we propose models [4] and [5] , which unify the early-time inflation and the recent cosmic acceleration and pass several cosmological constraints. Reconstruction program for F (R)-gravity is reviewed in Section 5. The partial reconstruction scenario is proposed. Section six is devoted to the description of dark matter in terms of viable modified gravity where composite scalar particle from F (R) gravity plays the role of dark particle. Some summary and outlook is given in the last section.
General properties of F (R)-gravity
In this section, the general properties of the F (R)-gravity are reviewed. For general F (R)-gravity, one can define an effective equation of state (EoS) parameter. The FRW equations in Einstein gravity coupled with perfect fluid are:
For modified gravities, one may define an effective EoS parameter as follows:
The equation of motion for modified gravity is given by
By assuming spatially flat FRW universe,
the FRW-like equation follows:
There may be several (often exact) solutions of (15) . Without any matter, assuming that the Ricci tensor could be covariantly constant, that is, R µν ∝ g µν , Eq.(13) reduces to the algebraic equation:
If Eq.(16) has a solution, the Schwarzschild (or Kerr) -(anti-)de Sitter space is an exact vacuum solution (see [6] and refs. therein). When F (R) behaves as F (R) ∝ R m and there is no matter, there appears the following solution:
which gives the following effective EoS parameter:
When F (R) ∝ R m again but if the matter with a constant EoS parameter w is included, one may get the following solution:
and the effective EoS parameter is given by
This shows that modified gravity may describe early/late-time universe acceleration.
Criticism of F (R)-gravity
Just after the F (R)-models were proposed as models of the dark energy, there appeared several works [7, 8] (and more recently in [9, 10] ) criticizing such theories. First of all, we comment on the claim in [7] . Note that one can rewrite F (R)-gravity in the scalartensor form. By introducing the auxiliary field A, we rewrite the action (7) of the F (R)-gravity in the following form:
By the variation over A, one obtains A = R. Substituting A = R into the action (21), one can reproduce the action in (7). Furthermore, we rescale the metric in the following way (conformal transformation):
Hence, the Einstein frame action is obtained:
Here g (e −σ ) is given by solving the equation
. Due to the scale transformation (22), there appears a coupling of the scalar field σ with usual matter. The mass of σ is given by
Unless m σ is very large, there appears the large correction to the Newton law. Naively, one expects the order of the mass m σ could be that of the Hubble rate, that is, m σ ∼ H ∼ 10 −33 eV, which is very light and the correction could be very large, which is the claim in [7] .
We should note, however, that the mass m σ depends on the detailed form of F (R) in general [11] . Moreover, the mass m σ depends on the curvature. The curvature on the earth R earth is much larger than the average curvature R solar in the solar system and R solar is also much larger than the average curvature in the unverse, whose order is given by the square of the Hubble rate H 2 , that is, R earth ≫ R solar ≫ H 2 . Then if the mass becomes large when the curvature is large, the correction to the Newton law could be small. Such a mechanism is called the Chameleon mechanism and proposed for the scalar-tensor theory in [12] . In fact, the HS model [3] has this property and the correction to the Newton law can be very small on the earth or in the solar system. In the HS model, the mass m σ is given by (see also [13] )
Here the order of the mass-dimensional parameter m 2 could be m 2 ∼ 10 −64 eV 2 . Then in solar system, where R ∼ 10 −61 eV 2 , the mass is given by m 2 σ ∼ 10 −58+3n eV 2 and in the air on the earth, where
The order of the radius of the earth is 10 7 m ∼ 10 −14 eV −1 . Therefore the scalar field σ could be heavy enough if n ≫ 1 and the correction to the Newton law is not observed being extremely small. On the other hand, in the air on the earth, if we choose n = 10, for example, one gets the mass is extremely large:
Here M Planck is the Planck mass. Hence, the Newton law correction should be extremely small. Let us discuss the matter instability proposed in [8] , which may appear when the energy density or the curvature is large compared with the average one in the universe, as is the case inside of the planet. Multiplying g µν with Eq.(13), one obtains
Here T is the trace of the matter energy-momentum tensor:
Let us now consider the perturbation from the solution of the Einstein gravity. We denote the scalar curvature solution given by the matter density in the Einstein gravity by R b ∼ (κ 2 /2)ρ > 0 and separate the scalar curvature R into the sum of R b and the perturbed part
Then Eq.(27) leads to the perturbed equation:
Here U (R b ) is given by
It is convinient to consider the case that R b and R p are uniform, that is, they do not depend on the spatial coordinate. Hence, the d'Alembertian can be replaced with the second derivative with respect to the time coordinate:
t R p and Eq.(29) has the following structure:
Then if U (R b ) > 0, R p becomes exponentially large with time t: R p ∼ e √ U(R b )t and the system becomes unstable. In the 1/R-model [14] , since the order of mass parameter m µ is
one finds
Hence, the model is unstable and it would decay in 10 −26 sec (for planet size). On the other hand, in 1/R + R 2 -model [11] , we find
Then the system could be unstable again but the decay time is ∼ 1, 000 sec, that is, macroscopic. In HS model [3] , U (R b ) is negative [13] :
Therefore, there is no matter instability [13] . Let us discuss the critical claim against modified gravity in [9, 10] . As shown in (16), as an exact solution, there appears de Sitter-Schwarzschild spacetime in F (R)-gravity. The claim in [9, 10] is that the solution does not match onto the stellar interior solution. Since it is difficult to construct explicit solution describing the stellar configuration even in the Einstein gravity, we now proceed in the following way: First, we separate F (R) into the sum of the Einstein-Hilbert part and other part as F (R) = R + f (R). Then Eq.(13) has the following form:
Here −Λ is the value of f (R) in the present universe, that is, Λ is the effective cosmological constant: Λ = −f (R 0 ). We now treat the r.h.s. in (35) as a perturbation. Then the last two derivative terms in (35) could be dangerous since there could be jump in the value of the scalar curvature R on the surface of stellar configuration. Of course, the density on the surface could change in a finite width ∆ as in Figure  1 and the derivatives should be finite and the magnitude could be given by
One now assumes the order of the derivative could be the order of the Compton length of proton:
Here m p is the mass of proton. It is also assumed
that is, the order of the scalar curvature R is given by the order of it inside the earth. In case of the 1/R model [14] , one gets
Then the perturbative part could be much larger than unperturbative part in (35), say, R ∼ R e ∼ 10 −47 eV 2 . Therefore, the perturbative expansion could be inconsistent. In case of the model [3] , however, we find
Then if n > 2, we find f
≪ R e and therefore the perturbative expansion could be consistent. This indicates that such modified gravity model may pass the above test. Thus, it is demonstrated that some versions of modified gravity may easily pass above tests.
Unifying inflation and late-time acceleration
In this section, we consider an extension of the HS model [3] to unify the early-time inflation and late-time acceleration, following proposals [4, 5] .
In order to construct such models, we impose the following conditions:
• Condition that inflation occurs: lim
Here Λ i is an effective early-time cosmological constant.
Instead of (41) one may impose the following condition
Here m and α are positive constants. Then as shown in (19), the scale factor a(t) evolves as
and w eff = −1 + 2/3h 0 . Here w is the matter EoS parameter, which could correspond to dust or radiation. We assume m ≫ 1 so thatḢ/H 2 ≫ 1.
• The condition that there is flat spacetime solution is given as
• The condition that late-time acceleration occurs should be
Here R 0 is the current curvature of the universe and we assume R 0 >R 0 . Due to the condition (45), f (R) becomes almost constant in the present universe and plays the role of the effective small cosmological constant: The typical behavior of f (R) which satisfies the conditions (41), (44), and (45) is given in Figure 2 and the behavior of f (R) satisfying (41), (42), and (45) is given in Figure 1 .
Some examples may be of interest. An example which satisfies the conditions (41), (44), and (45) is given by the following action [4] :
Here n is a positive integer. The conditions (42) and (45) require
One can now investigate how the exit from the inflation could be realized in the model (46). It is easier to consider this problem in the scalar-tensor form (Einstein frame) in (23). In the inflationary epoch, when the curvature R = A is large, f (R) has the following form:
Hence, one gets
and
Note that the scalar field σ is dimensionless now. Let us check the condition for the slow roll,
if we start with σ ∼ 1, one finds
which is very small and the slow roll condition is satisfied. Thus, the value of the scalar field σ increases very slowly as in Figure 4 and the scalar curvature R becomes smaller. When σ becomes large enough and R becomes small enough, the inflation could stop.
Another possibility to achieve the exit from the inflation is to add small non-local term to gravitational action.
We now consider another example, where f (R) satisfies the conditions (42), (44), and (45) [5] :
Here α, β, and γ are positive constants and n is a positive integer. When the curvature is large (R → ∞),
To achieve the exit from the inflation, more terms could be added in the action. Since the derivative of f (R) is given by
we find the curvature R 0 in the present universe, which satisfies the condition f ′ (R 0 ) = 0, is given by
Let us check if we can choose parameters to reproduce realistic cosmological evolution. As a working hypothesis, we assume βγ/α ≫ 1, then
We also assume f (R I ) ∼ (α/γ)R n I ∼ R I . Here R I is the curvature in the inflationary epoch. As a result, one obtains
Hence, we can confirm the assumption βγ/α ≫ 1 if n > 1 as
Thus, we presented modified gravity models which unify early-time inflation and late-time acceleration. One should stress that the above models (46) and (53) satisfy the cosmological constraints/local tests in the same way as in the HS model [3] .
Reconstruction of F (R)-gravity
In this section, it is shown how we can construct F (R) model realizing any given cosmology (including inflation, matter-dominated epoch, etc) using technique of ref. [15] . The general F (R)-gravity action with general matter is given as:
The action (61) can be rewritten by using proper functions P (φ) and Q(φ) of a scalar field φ:
Since the scalar field φ has no kinetic term, one may regard φ as an auxiliary scalar field. By the variation over φ, we obtain 0 = P
which could be solved with respect to φ as φ = φ(R). By substituting φ = φ(R) into the action (62), we obtain the action of F (R)-gravity where
By the variation of the action (62) with respect to g µν , the equation of motion follows:
In FRW universe (14), Eq.(65) has the following form:
By combining the two equations in (66) and deleting Q(φ), we obtain
Since one can redefine φ properly as φ = φ(ϕ), we may choose φ to be a time coordinate: φ = t. Then assuming ρ, p could be given by the corresponding sum of matter with a constant EoS parameters w i and writing the scale factor a(t) as a = a 0 e g(t) (a 0 : constant), we obtain the second rank differential equation:
If one can solve Eq.(68), with respect to P (φ), one can also find the form of Q(φ) by using (66) as
Thus, it follows that any given cosmology can be realized by some specific F (R)-gravity. We now consider the cases that (68) can be solved exactly. A first example is given by
For simplicity, we neglect the contribution from matter. Then Eq.(68) gives
The solution of (71) is given in terms of the Kummer functions or confluent hypergeometric functions:
Here
Eq.(70) gives the following Hubble rate:
Then when t is small, H behaves as
which corresponds to the universe with matter whose EoS parameter is given by
On the other hand, when t is large, we find
that is, the universe is asymptotically deSitter space. We now show how we could reconstruct a model unifying the early-time inflation with late-time acceleration. In principle, one may consider g(φ) satisfying the following conditions:
• The condition for the inflation (t = φ → 0):
which shows that H(0) = g ′ (0) is almost constant, which corresponds to the asymptotically deSitter space.
• The condition fot the late-time acceleration (at t = φ ∼ t 0 ):
which corresponds to the asymptotically deSitter space again.
An example could be
Here g 0 , g 1 , and c are positive constants and n is positive integer greater than 1. Note that g ′ (φ) is a monotonically decreasing function of φ if 0 < φ < t 0 We also assume
One should note that g ′ (0) = g 0 corresponds to the large Hubble rate in the inflationary epoch and
to the small Hubble rate in the present universe. It is very difficult to solve (68) with (80), so we expand g ′ (φ) for small φ. For simplicity, we consider the case that n = 2 and no matter presents. Then
Using boundary conditions we can specify different modified gravities which unify the early-time inflation with late-time acceleration. The important element of above reconstruction scheme is that it may be applied partially. For instance, one can start from the known model which passes local tests and describes the late-time acceleration. After that, the reconstruction method may be applied only at very small times (inflationary universe) to modify such a theory partially. As a result, we get the modified gravity with necessary early-time behavior and (or) vice-versa.
Dark Matter from F (R)-gravity
It is extremely interesting that dark matter could be explained in the framework of viable F (R)-gravity which was discussed in previous sections. The previous considerations of F (R)-gravity suggest that it may play the role of gravitational alternative for dark energy. However, one can study F (R)-gravity as a model for dark matter. There have been proposed several scenarios to explain dark matter in the framework of F (R)-gravity. In most of such approaches [16] , the MOND-like scenario or power-law gravity have been considered. In such scenarios, the field equations have been solved and the large-scale correction to the Newton law has been found and used as a source of dark matter.
There was, however, an observation [17] that the distribution of the matter is different from that of dark matter in a galaxy cluster. From this it has been believed that the dark matter can not be explained by the modification of the Newton law but dark matter should represent some (particles) matter.
It is known that F (R)-gravity contains a particle mode called 'scalaron', which explicitly appears when one rewrites F (R)-gravity in the the scalar-tensor form (23). In the Einstein gravity, when we quantize the fluctuations over the background metric, we obtain graviton, which is massless tensor particle. In case of F (R)-gravity, when one quantizes the fluctuations of the scalar field in the background metric, one gets the massive scalar particles in the addition to the graviton. Since the scalar particles in F (R)-gravity are massive, the pressure could be negligible and the strength of the interaction between such the scalar particles and usual matter should be that of the gravitational interaction order and therefore very small. Hence, such scalar particle could be a natural candidate for dark matter.
In the model [3] or our models (46) and (53), the mass of the effective scalar field depends on the curvature or energy density, in accord with so-called Chameleon mechanism. As our models (46) and (53) describe the early-time inflation as well as late-time acceleration, the 'scalaron' particles, that is, the scalar particles in F (R)-gravity, could be generated during the inflationary era. An interesting point is that the mass could change after the inflation due to Chameleon mechanism. Especially in the model (46), the mass decreases when the scalar curvature increases as shown in (49). Hence, in the inflationary era, when the curvature is large, one may consider the model where m σ is large. After the inflationary epoch, the scalar particles, generated by the inflation, could lose their mass. Since the mass corresponds to the energy, the difference between the mass in the inflationary epoch and that after the inflation could be radiated as energy and could be converted into the matter and the radiation. This indicates that the reheating could be naturally realized in such model. Let the mass of σ in the inflationary epoch be m I and that after inflation be m A . Then for N particles, the radiated energy E N may be estimated as
which could be converted into radiation, baryons and anti-baryons (and leptons). It is believed that the number of early-time baryons and anti-baryons is 10 10 times of the number of baryons in the present universe. Since the density of the dark matter is almost five times of the density of the baryonic matter, we find m I > 10 10 m A .
In the solar system, one gets A = R ∼ 10 −61 eV 2 . Then if n ≫ 10 ∼ 12 and Λ i ∼ 10 20∼38 , the order of the mass m σ is given by m
which is large enough so that σ could be Cold (non-relativistic) Dark Matter. On the other hand, in 1/R-model, the corresponding mass is given by
Here µ is the parameter with dimension of mass and µ ∼ 10 −33 eV. The mass m 1/R is very small and cannot be a Cold Dark Matter. The corresponding composite particles can be a Hot (relativistic) Dark Matter but Hot Dark Matter has been excluded due to difficulty to generate the universe structure formation.
In the inflationary era, the spacetime is approximated by the de Sitter space:
Then the scalar particle σ could be Fourier-transformed as
Hence, the number of the particles with k created during inflation is proportional to e νπ . Here
sufficient number of the particles could be created.
In the original f (R)-frame (7), the scalar field σ appears as composite state. The equation of motion in f (R)-gravity contains fourth derivatives, which means the existence of the extra particle mode or composite state. In fact, the trace part of the equation of motion (13) has the following Klein-Gordon equation-like form:
The above trace equation can be interpreted as an equation of motion for the non trivial 'scalaron' f ′ (R). This means that the curvature itself propagates. In fact the scalar field σ in the scalar-tensor form of the theory can be given by 'scalaron', which is the combination of the scalar curvature in the original frame:
Note that the 'scalaron' is different mode from graviton, which is massless and tensor.
Eq.(49) shows that the mass, which depends on the value of the scalar field σ, is given by
If the curvature becomes small, σ becomes large and m 2 σ decreases. Then the scalar particles lose their masses after the inflation. The difference of the mass in the inflationary epoch and that after the inflation could be radiated as energy and can be converted into the matter and the radiation.
By substituting the expression of σ (49) into (94), one obtains
Note that A corresponds to the scalar curvature. Let denote the value of A in the inflationary epoch by A I and that after the inflation by A A . Then the condition (85) shows
For the model with n = 2, the condition (85) or (96) could be satisfied if A I /A A > 10 3 , which seems to indicate that the reheating could be easily realized in such a model. Now we check if the condition (91) could be satisfied. Note H 2 0 ∼ Λ i . Eq.(95) also indicates that in the inflationary era, where A = R ∼ Λ i , the magnitude of the mass is given by
which is large enough and the condition (91) is satisfied. Here Eq.(47) is used. Thus, sufficient number of σ-particles could be created. Let us consider the rotational curve of galaxy. As we will see the shift of the rotational curve does not occur due to correction to the Newton law between visible matter (baryon or intersteller gas) but due to invisible (dark) matter, and the Newton law itself is not modified.
Let the temperature of the dark matter be T = 1/kβ where k is the Boltzmann constant. First, we assume the mass m σ of the scalar particle σ is constant. As the total mass of dark matter is much larger than that of baryonic matter and radiation, we neglect the contributions from the baryonic matter and radiation just for simplicity. We now work in Newtonian approximation and the system is spherically symmetric. Let the gravitational potential, which can be formed by the sum of the dark matter particles, be V (r). Then the gravitational force is given by F (r) = −mdV (r)/dr. If we denote the number density of the dark matter particles by n(r), in the Newtonian approximation, by putting κ 2 = 8πG, one gets
and therefore V (r) is given by
If one assumes the number density n(r) of dark matter particles could obey the Boltzmann distribution, we find n(r) = N 0 e −βmσV (r) .
Here N 0 is a constant, which can be determined by the normalization. Using (99) and (100) and deleting n(r), the differential equation follows:
An exact solution of the above equation is given by
As the general solution for the non-linear differential equation (101) is not known, we assume V (r) could be given by (102). Then the rotational speed v of the stars in the galaxy could be determined by the balance of the gravitational force and the centrifugal force:
Here m ⋆ is the mass of a star. Hence,
that is, v becomes a constant, which could be consistent with the observation. For the dark matter particles from f (R)-gravity, the mass m σ depends on the scalar curvature or the value of the background σ as in (94). The scalar curvature is determined by the energy density ρ (if pressure could be neglected as in usual baryonic matter and cold dark matter) and if we neglect the contribution from the baryonic matter, the energy density ρ is given by ρ(r) = m σ n(r) .
Therefore it follows m σ = m σ (ρ(r)) = m σ (m σ n(r)) ,
which could be solved with respect to m σ :
which is monotonically increasing function of r and the behavior is different from that in (104). If there is only usual baryonic matter without any dark matter, the velocity is the decreasing function of r, if there is also usual dark matter, as shown in (104), the velocity is almost constant, if dark matter originates from f (R)-gravity, as we consider here, there is a region where the velocity could be an increasing function of r. Of course, one should be more careful as these are qualitative considerations. The condition m σ ≪ m 0 requires r ≫ r 0 but in the region faraway from galaxy, the scalar curvature becomes small and the approximation (95) could be broken. Anyway if there appears a region where velocity is the increasing function of r, this might be a signal of f (R)-gravity origin for dark matter. For more precise quantitative arguments, it is necessary to include the contribution from usual baryonic matter as well as to do numerical calculation. In any case, it seems very promising that composite particles from viable modified gravity which unifies inflation with late-time acceleration may play the role of dark matter.
Discussion
In summary, we reviewed F (R)-gravity and demonstrated that some versions of such theory are viable gravitational candidates for unification of early-time inflation and late-time cosmic acceleration. It is explicitly shown that the known critical arguments against such theory do not work for those models. In other words, the modified gravity under consideration may pass the local tests (Newton law is respected, the very heavy positive mass for additional scalar degree of freedom is generated). The reconstruction of modified F (R) gravity is considered. It is demonstrated that such theory may be reconstructed for any given cosmology. Moreover, the partial reconstruction (at early universe) may be done for modified gravity which complies with local tests and dark energy bounds. This leads to some freedom in the choice of modified gravity for the unification of given inflationary era compatible with astrophysical bounds and dark energy epoch. As a final very promising result it is shown that modified gravity under consideration may qualitatively well describe dark matter, using the composite scalar particle from F (R) theory and Chameleon scenario. Thus, modified gravity remains viable cosmological theory which is realistic alternative to standard Einstein gravity. Moreover, it suggests the universal gravitational unification of inflation, cosmic acceleration and dark matter without the need to introduce any exotic matter. Moreover, it remains enough freedom in the formulation of such theory which is very positive fact, having in mind, coming soon precise observational data.
